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CN , Abstract 

We study Hamiltonian stationary Lagrangian surfaces in C^, i.e. Lagrangian surfaces in 
\^ ' C^ which are stationary points of the area functional under smooth Hamiltonian variations. 

^^ . Using loop groups, we propose a formulation of the equation as a completely integrable sys- 

tem. We construct a Weierstrass type representation and produce all tori through either the 
integrable systems machinery or more direct arguments. 
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§ : 1 Introduction 
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This paper addresses the study of Hamiltonian stationary oriented Lagrangian surfaces in a 
symplectic Euclidean vector space of dimension 4, using techniques of completely integrable 
systems. The ambient space may be seen as C with, using complex coordinates z^ = x^ + iy^ 
and z"^ = x'^ + iy'^, the symplectic form cu = dx^ A dy^ + dx"^ A dy^ and the canonical scalar 
product. The Lagrangian surfaces in C are the immersed surfaces on which the restriction of 
^ ' (jj vanishes. On the set of oriented Lagrangian surfaces E in C^, we let the area functional to be 



^(S) = / dv, 



where the volume form dv is defined using the induced metric on S. A critical point of this 

functional is a Lagrangian surface such that 5A{T,){X) = for any compactly supported smooth 

vector field X on C , satisfying some particular constraint: if X is arbitrary we just say that 

E is stationary (it is actually a minimal surface in C ~ M^), if X is Lagrangian, i. e. its flow 

preserves Lagrangian surfaces, S is called Lagrangian stationar]^ and lastly if X is Hamiltonian, 

i. e. X = -JVh = I^/t - #T7rT + 1^ A - I^TT^, for some h G C?°(C^,R), S is called 
oy^ ax^ ax^ ay^ ay' ax'' ox'' ay' ' c \ t J^ 

Hamiltonian stationary^ 

The first variation of the area involves the Lagrangian angle: if m is a point in S and if 
(ei, 63) is a direct orthonormal basis of T^S, dz^ A dz^(ei, 63) is a complex number of modulus 



^called isotropic mini mal in |CM] 

^called E-minimal in |CM] and H-minimal in [02| and 
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equal to 1, which we can denote e*'^, for some real number /?. It builds up a map (3 from S to 
M/27rZ. This map is a part of the full Gauss map of the immersion of S. The mean curvature 
vector ff on S is then given hy H = JV/?, and thus 



6Ai^){X) = / {X,H)dv = / {-JVh,JVP)dv 



{Vh,Vp)dv, 



see [ 
tion 



01] for more details. Hence Hamiltonian stationary surfaces are characterized by the equa- 
A/? = 0, where A is the Laplace operator on S, which comes from the induced metric. 
Surfaces such that /3 is constant (or H = 0) are a particular case, called special Lagrangian sur- 



faces by R. Harvey and H.B. Lawson HaL |: they are actually area minimizing since calibrated 
hy e-'/^dz'^ A dz^. 



Examples of Hamiltonian stationary surfaces are the standard square tori T^ 



cVl^'l 



"\/2} and "rectangular" variants Tri,r2 = {(-^^>-2^^) ^ ^'^/\z^\/fi 



{{z\z^) 



v2}. These are candidates to be area minimizing with respect to Hamiltonian deformations as 
conjectured by Y.G. Oh [01, 02]. More recently, I. Castro and F. Urbano [ |CU1 ] have constructed 
more exotic examples of Hamiltonian stationary tori. Beside these explicit instances, R. Schoen 
and J. Wolfson announce various existence and partial regularity results and in particular a 
proof of the existence of a smooth solution to the Plateau problem in C [3cW]. 

A motivation to study Hamiltonian stationary surfaces is for instance the following model of 
incompressible elasticity. If (0, "0) is a diffeomorphism between two two-dimensional domains U 
and U', which is incompressible, i. e. gf g^~ g^'^f = 1 everywhere, and which minimizes the area 

of the graph functional Jjj \J2 + ]V(/)]^ + ^^^dxdy among all possible incompressible diffeomor- 
phisms with the same boundary data, then its graph S = {{x,y,(j){x,y),—ip{x,y))/{x,y) £ U} 
is Hamiltonian stationary Lagrangian and conversely. Such a problem has been considered by J. 
Wolfson in ]JW[] . Also Hamiltonian stationary surfaces offer a nice generalization of the minimal 
surface theory. The conjecture of Y.G. Oh above is an interesting generalisation of isoperimetric 
inequalities. Such an inequality would be related to many questions in symplectic geometry, as 
illustrated by C. Viterbo |V|, who also gave a lower bound for the area functional of a torus. 
Also special Lagrangian surfaces has appeared in recent developments in mathematical Physics, 
in M-theory [AFS], and about Mirror symmetry for Calabi-Yau manifolds: see for example 
] |SYZ ], where A. Strominger, S.T. Yau and E. Zaslow proposed that the moduli space of special 
Lagrangian surfaces in a Calabi-Yau is related to the mirror of the manifold. 

Our aim here is to show that the set of Hamiltonian stationary Lagrangian surfaces in C 
forms a completely integrable system, and to use ideas from the Adler-Kostant-Symes theory 
in a similar way as it was done by F. Burstall, D. Ferus, F. Pedit, U. Pinkall ] BFPP| ] and J. 
Dorfmeister, F. Pedit, H. Wu ] DPW ] for harmonic maps between a surface and a homogeneous 
manifold, or by F. Helein [Q for Willmore surfaces. (See also Q, |W], g, |FP|, |FPPS| , pl| ] about 
previous results.) Our main results are: a formulation of the Hamiltonian stationary surfaces 
problem in terms of a family depending on a complex parameter of curvature free connections (a 
characteristic feature in integrable systems); a correspondance between conformal immersions 
of Hamiltonian stationary surfaces in C and holomorphic maps into C (similar to ] DPW[] ); 
a proof that all Hamiltonian stationary tori in C are obtained by a finite type construction 
(this is similar to BFPP|] ); lastly a construction of all such tori by integrating linear elliptic 
equations. 

Prom the point of view of the theory of completely integrable systems, we obtain an original 
(at least for us!) example of situation where: 
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• the family of curvature free connections has the form Q;^ = A '^a'2+\ '^a'_i+aQ+Xa'{+}?a2 
instead of X^^^a'^ + oq + -^ct'i as in many integrable systems, 

• the situation is almost linear and, in some situations, simplifies in such a way that we 
could present the results without these techniques. 

However we choose to expose the full machinery in our situation since this is the way we obtained 
all the constructions here and it seems to illuminate how completely integrable systems work. 

Our paper is organized as follows. In section 2 we present the symmetry group of affine 
isometrics of M^ preserving the symplectic form and the modelisation of conformal immersions 
of Hamiltonian stationary Lagrangian surfaces using moving frames. A Cartan decomposition 
of the Lie algebra appears to be the key of the formulation. In section 3 we show that the 
construction of conformal immersions of Hamiltonian stationary simply connected surfaces is 
equivalent to solving three simple linear PDE's as follows: let /3 to be a real harmonic map on 
a simply connected domain il; we solve on $7 the linear equation 

du_ ldp_ 
dz 2 dz 

for u = *(a/2, b/2, —ia/2, ib/2) and a and b complex valued functions. Then we integrate the 
equation 

dX = e^-^/^{udz + udz) 

to obtain a map X to M^. Then X is a weakly conformal Hamiltonian stationary Lagrangian 
map. We use these ideas to deduce explicit parametrizations of all tori and we identify known 
examples: the standard torus and the surfaces of I. Castro and F. Urbano and we show other 
examples. In section 4 we introduce loop groups and twisted loop groups and we prove various 
Riemann-Hilbert and Birkhoff-Grothendieck decomposition results. In section 5 we use the 
previous results to establish a Weierstrass type representation. In section 6 we use the finite gap 
ideas in integrable systems and prove that, for Hamiltonian stationary conformal immersions of 
tori, the set of solutions splits into a countable union of vector spaces ("finite type" solutions). 
Lastly we link this formulation with the one in section 3. 

We point out that our results could be generalized to Hamiltonian stationary Lagrangian 
conformal immersions in CP (or isotropic surfaces in higher dimensional Kahler manifolds). 
This will be the subject of a forthcoming paper. 

Aknowledgements: the authors wish to thank Franz Pedit for his remarks during the prepa- 
ration of this paper. 

2 Moving frames and groups 

2.1 Symmetry groups for symplectic Euclidean afRne 4-spaces 

Let E'^ be an affine oriented Euclidean symplectic space and E'^ the associated oriented Euclidean 
vector space. We denote by (., .) the scalar product and to the symplectic form on E'^. There 
exists a unique complex structure J on E^, such that uj{x,y) = {Jx,y), Vx,y € E'^. We 
denote by J-, the set of all orthonormal bases e = (ei, 62, 63, 64) of E^, such that 62 = Jei and 



Hamiltonian stationary Lagrangian surfages in C^ 



64 = Jes- We choose an origin O in £"^ and an orthonormal basis of £"^, (ei, £2, £3, £4) G ^. In 
the corresponding coordinates (a;^,x^,x^,x^), the symplectic form reads 

oj = dx^ ^ dx^ + dx^ A dx^. 

And the complex structure J has the matrix 



Li 



/ -1 \ 

10 

0-1 

V 1 / 



(the meaning of that notation will become clear below). 
The relevant symmetry groups here are 

• Q, the group of affine transformations of E"^ which preserve (., .) and u (or alternatively 
which preserve (., .) and J) 

• Q, the group of linear transformations of E"^ which preserve (., .) and lu (or (., .) and J), 
which we may view as a subgroup of Q, namely the isotropy group at 0. 

Let us analyze first Q. A first description of Q is obtained by the identification of E'^ through 
the quaternions M: 

Q : ^4 ~ M'' — > m 

x^ei + x^e2 + 3:^63 + x^e4 ~ {x^, x'^,x^,x^) 1 — > x^ + ix^ + jx^ + kx^. 

Let 5|| = {p G H/IpI = 1}. To each pair {p, q) ^ S^x S^ corresponds a rotation G'(p^g) G 5*0(4) 
defined by: Vx G M^, 



The surjective map 



Jn X bjjt 



Q°G(p,q){x) =pQ{x)q. 
■^ SO {A) 



G(r,^q\). Explicitely we have, 



G 



is 



(p^i) 



a 2-sheeted covering map (since G^_p^_g^ 



where, denoting p = p^ + ip^ + jp^ + kp'^ and q = q^ + iq^ + jq^ + /cg^, 

Lp =pHi+ p^Li + p^Lj + p^Lk 
is the left multiplication by p in H, 

Rg = q^tA- q^R^ - q^Rj - q^Rk 
is the right multiplication by g in H (notice that RqR-i = -Rw); and 



U 



/ -1 \ 

10 

0-1 

V 1 y 



, Lj 



f -1 \ 

1 

10 

V -1 y 



u 



/ -1 \ 
00-10 
0100 

V 1 y 
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Ri 



/ -1 \ 

10 

1 

V -10/ 



Ri 



/ -1 \ 

0-1 

10 

V 1 / 



Rk 



/ -1 \ 
10 
0-100 

V 1 / 



Then, from ^ =:^ {G G SO{4)/[G, Li] = 0}, we obtain 



G ^ Go-G2, 

where Go = {Rq = qH^ - q'^Ri - q^Rj - q'^Rk/q G ^^j and G2 = {Lp = pH^+p^Li/p G Sl). 
Notice that, for any G £ G, there exists (Go, G2) £ Go ^ G2, such that G = G0G2 = G2G0, and 
(Go, G2) is unique up to change of sign. 



Alternatively, we can describe G using the isomorphism 

C : ^4 ^ ]^4 



~ (x^,x^,x^,x^) 






which is holomorphic from (£'^, J) to C . Through that identification, G corresponds to U{2), 
Go to SU{2) and G2 to 



e- 



It is useful to keep in mind these representations. However, we shall mostly represent t/ as a 
subgroup of the 4x4 matrices A^(4, M) (which we can also identify with a subgroup of A4(5, M), 
see below), since several complex structures will be involved. 

The group G is just the semidirect product G x I^^- If G,G' £ G and T, T' G M^, the product 
is {G,T).{G',T') = {GG',GT' + T). This group is embedded in 7W (5, M) through 



(G,r) 



G T 
1 



We shall call G the rotation component of {G,T) and T the translation component of (G,T). 
(Notice that we also have the representation G — ^(2) x C .) 

The Lie algebra of G will be identified with 

= {{aLi + b^Ri + b^Rj + b^Rk,t)/a,b\b'^ ,b^ GM,t gM^}. 
The Lie bracket of two elements {'r],t), {fi,t) G 5 is 

[{v,t),{v,i)] = {v'n-'nv,vt-'nt)- 

We denote by go the Lie algebra of Go, generated by (i?j, 0), {Rj, 0) and (R^, 0), and 02 the Lie 
algebra of G2, generated by (Lj, 0). Then the Lie algebra of t/ is g = go © 02- 
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2.2 Action on the Lagrangian Stiefel manifold and on the Lagrangian Grass- 
mannian 

Let us define the Lagrangian Grassmannian Griag to be the set of all oriented 2-dimensional 
Lagrangian subspaces of E^, and the Lagrangian Stiefel manifold by 



Stiefi,={{ei,e3)eE^xEy\ei\ 



lesl 



1,(61,63) = 0,^(61,63) = 0}. 



Notice that Stiefii^g is nothing but the set of oriented orthonormal bases of planes in Griag- 
Actually, we may identify Stiefiag with J^ by the following: to each basis (61,62,63,64) G J^, 
we associate (61,63) in Stiefi^^g. Conversely, we associate to each (61,63) G Stiefig^g the frame 



(61,62,63,64) such that 62 = ij6i and 64 = LJ63. (Through the identification E^ 



it just 



amounts to say that (61,63) is a Hermitian basis of C over C if and only if (61, i6i, 63,^63) is 
an orthonormal basis of C over M.) 

Now the group Q acts freely and transitively on ^, i. e., for any (61, 62, 63, 64) S J^, there ex- 
ists a unique G £ G such that (61, 62, 63, 64) = (ei, 62, £3, 64)^. To prove that, it suffices to realize 
that the columns of G are the components of each vector e^ in the basis (ei, £2, £3, 64). Hence G 
acts freely and transitively on Stiefi^^g as well, and transitively on Griag'- if (61, 63) G Stiefi^g and 
G £ G we shall denote (G61, G63) its image by G. 



An important object for the study of Hamiltonian stationary surfaces is the Lagrangian angle 
map Q : Stiefi^g — > M/27rZ. For any (61,63) G Stiefi^g, let G be the unique element in G such 
that Gei = 61 and Ge3 = 63, i.e. (61,^461,63,^463) = (ei, 62, £3, 64)^. Then, viewing G as a 
matrix in U{2), we may compute its determinant: it is a complex number of modulus one, which 
we denote e*®(^i''^3)_ n builds up the Lagrangian angle map 0. Alternatively, we may decompose 

G = G0G2, where Go G Go and G2 = 6 2 g G'^- A last definition is given by 

{dx^ + idx^) A {dx^ + idx^){ei,e3) = e'^^''''^^\ 

One can check easily that 6(61,63) does not change if we replace (61,63) by another direct 
orthonormal basis of the oriented Lagrangian plane spanned by (61, 63). Hence it defines a map 
from Griag to M/27rZ which we shall also denote G. 

Lastly, in the following we shall abuse notations and identify vectors x = x^ei + x^£2 + ^'^£3 + 



f<\ 



j; £4 in E with column matrices 



. In particular we let £1 











n 


1 


, £4 = 





\0 J 




vW 



and £ 



V ; 






1 







i 
\0j 



, Lie 



, £2 



and L,£ 



es 



v-y 



1 


1 1 

2 



2.3 Moving frames for conformal Lagrangian immersions 

Let us consider a smooth conformal Lagrangian immersion of a simply connected open domain 
il of C ~ R2, X : Q — > E^. We shall denote z = x + iy ~ {x,y) the coordinates on M . 



'in particular it proves that Q{GKti,GK€3) = e(Gei, Geg), VG £ g, V7^ G Go. 
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We let f : Q — > R, such that e^(^) = |||| = \^\ and we set ei{z) = e-^(^)||(z) and 
e3(z)=e-/(^)||(z), sothat 

dX = e-' [eidx + e^dy), 

and then, X is a conformal Lagrangian immersion if and only if for z & Q, (ei(z), 63(2)) is 
in Stiefig^g. Without loss of generality, we will normalize X by assuming that X{zq) = and 
(61(^0)5 63 (-20)) = (^ij^s)) foi' some fixed point zq £ il. We let X to be the set of such con- 
formal Lagrangian immersions. We denote 62 (^;) := Ljei(z) and 64 (z) := Lje3(z). There- 
fore the system e{z) := (ei(z), e2(^;), e3(z), 64(2)) belongs to T: let Fx{z) G Q such that 
e{z) = (ei, 62, £3, e4)Fx{z) and (abusing notations) let X{z) he the column vector of the compo- 
nents of X in the basis (ei, £2, £3, £4)- Then we construct a map X : J7 — > ^ lifting X, defined 

by 



*<'-) = ( "'"o"' T)-<'^-(^'-^'<-»- 



We shall call X the fundamental lift of X. According to our normalization, we have X{zq) = 
(1, 0). The Maurer-Cartan form of X is 

X-^dX = {F^^dFx,Fx^dX). 

It is a 1-form with coefficients in g, with the property that its translation component has the 
form 

F^^dX = ef{eidx + e^dy) = e^ {edz + edz). (1) 

The key idea in the following will be to study suitably defined lifts of conformal Lagrangian 
immersions instead of immersions themselves - which has the effect of decreasing by one the 
order of the PDE. One could use the fundamental lift. We shall however enlarge the possibilities 
as follows: 

Definition 1 A lifted conformal Lagrangian immersion (LCLI) is a map U = {F,X) : 0, — > Q, 
satisfying one of the three following equivalent hypotheses. 

a) U{z) = {Fx{z),X{z)).{K{z)-\0) = {Fx (z) K {z)-\ X (z)) where X is a conformal La- 
grangian immersion, {Fx,X) is its fundamental lift and K G C'^{Q,Gq) = {K G C'^{Q,Qq)/K{zq) 
1}. 

h) U{zq) = (1,0) and the translation component of the Maurer-Cartan form U~^dU has the 
form 

t = F'^dX = efK{eidx + esdy) = e^ K{edz + edz), 

where K £C°°{n, Go) and f £ C°°{n,R). 
c) U{zq) = (1,0) and X is a conformal Lagrangian immersion and, \/z G Vi, 

Q[^i^),^i^))=QiHz)euF{z)e,), 



where we let Q ( ^(-2), ^(-z) ) to be the value of Q on the oriented Lagrangian plane 



spanned by ^{z) and ^(z). 
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We shall denote by QX the set of all LCLFs. 

Proof of the equivalence between a), b) and c). a) =^ b): it is a direct computation, b) ^ 
c): from b), it follows that ^ = e' FKei and ^- = e-' FKe^, therefore, using the remark in 

the footnote, section [p, © (^(^), |f (2)) = Q{FKei,FKe^) = Q{Fei,Fe^). c) => a): let 

iFx,X) be the fundamental lift of X and let K = F'^Fx G C~(0,^). Then a computation 

shows that the relation © ( ^(-2), ^(-s) ) = &{Fei,Fe3) is equivalent to Q{Fxei,Fxes) = 

@{FxK^^ei, FxK^^e^) and using the remark in the footnote of section 2.3, this implies that 

Kec^{n,go). u 

For any simply connected domain fi and for any conformal Lagrangian immersion X : 0, — > 
E^, we shall lift the Lagrangian angle map and define a map /3 : Q — > M, such that Vz G $7, 
{^{z), ^{z)) = f^iz) modulo 27r. The (lifted) Lagrangian angle map /? of a LCLI U is 

characterised by the - unique up to sign - decomposition U{z) = {e^^^'^''^'^Mo{z),X{z)), where 
Mq G C°°{0,, Qq). In the following, for any X G X, we shall choose /? to be the unique Lagrangian 
angle map such that P{zq) = 0. 

Remark 1 It is clear that the gauge group C^{0,,Gq) acts on the right on QX and that the 
quotient of QX under this gauge action coincides with X. Furthermore, in a given gauge orbit, 
there are three special LCLI's: the fundamental lift X and a pair of lifts such that F G C°°(0, Q2), 
namely 

U+{z) = (e^^'/2,X) and U-{z) = (-e^^'/^^X). 

(Note that by a change /3 — > /3 + 27r of the choice of the determination of /?, C/+ and C/_ would 
be exchanged.) We call [/+ and [/_ the spinor lifts. 



We have the following characterization of Hamiltonian stationary surfaces (see [01|, | ScW[| ). 



Theorem 1 Let X : Q — > E'^ be a conformal Lagrangian immersion, then, X is Hamiltonian 
stationary if and only if the Lagrangian angle map is a harmonic function on the surface image, 
or equivalently 

A/3 = on Q. 

Thus we are lead to study LCLI's with harmonic Lagrangian angle map. Alternatively, we can 
isolate the differential dp by a decomposition of the Maurer-Cartan form of U = (e^^ "Mq, X) 
(according to g = 02 © 00 © (0,M^)), 

d6 
a = U-^dU = ^(Li,0) + {M^^dMo,0) + (0,t). (2) 

Therefore, we may study connection 1-forms a G C°°{Q, T*M ®g) on a simply connected domain 
O which satisfy relation (^) with harmonic d/3, and the zero curvature equation 

do + Q A Q = 0, (3) 

a necessary and sufficient condition for the existence of a map U : fi — > Q such that dU = U.a; 
furthermore, U is unique, if we assume also the condition 
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U{zo) = (1,0), for some fixed point zq £ Q. (4) 

We shall concentrate in the following on this last characterization. 

Remark 2 The gauge action of C^{Q,Qq) on QX induces an action on Maurer-Cartan 1-forms 
described by 

(r/,t) ^ {Kr]K-^ -dKK-\Kt). 

In any orbit of this gauge action, the fundamental lift X = {Fx,X) = {e^^''^Mx,X) has the 
Maurer-Cartan form 

X-^dX = {F^^dFx,0) + (0, e^iedz + edz)) = —{Li, 0) + (M^^dMx, 0) + (0, e^ {edz + edz)), 

i. e. with "simplest" translation component, whereas the spinor lifts has the Maurer-Cartan 
forms 

U^''dU± = ^(L,,0) + (0,0) + (0,±e-^^'/2^X), 
i. e. with zero go component. 

2.4 Splitting the Lie algebra 

Our aim will be to refine the decomposition given in (|2|). We introduce the following automor- 
phism T acting on Q through conjugation by (— Lj,0), i. e. 

t{G,T) = i-Lj,0)iG,T){-L,,0)'' = {-LjGLj,-LjT). 

It induces a linear action on g, which diagonalizes on g^ = g C, with eigenvalues i~^, i^, i^ 
and i^, since r^ = 1. For k = —1, 0, 1, 2, we denote by g^ the eigenspace of r for the eigenvalue 
i^ , and we have 

• for the eigenvalue — i, g_;^ = (0, Ce © CLil) (notice that Ce © CLje is the (— i)-eigenspace 
of -Lj), 

• for the eigenvalue 1, gg = go © C, where go is the Lie algebra of Qq, 

• for the eigenvalue i, gf = (0, Ce © CLie) (notice that Ce © CL^e is the i-eigenspace of 

• for the eigenvalue -1, g2 = 02 © C, where g2 is the Lie algebra of Q2- 
We also have the following characterization of the iti-eigenspaces. 

Lemma 1 The group M^ x Qq acts freely and transitively on the zizi-eigenspaces of Lj minus 0; 
in particular the i-eigenspace of Lj, Ce®CLie, coincides with the orbit of e and the —i-eigenspace 
of Lj, Ce©C-Lje, coincides with the orbit ofe. 
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10 



Proof. Since Gq commutes with Lj, it preserves its eigenspaces. We now prove the freeness and 
transitivity of the action. Let ^ = ae + bLie = |(a, b, —ia, ib) be an eigenvector associated to the 
eigenvalue i (for the other eigenspace use conjugation). If i? G M^ x Qq maps e to ^, then we infer 
necessary conditions: He = \{Hei — iHe^) = ^; thus Hei = ^Re[^] and He^, = — ^Im[^]. Since 
we want H to commute with Lj, He2 = HLiCi = ^LiRe[^] = ^Re[Lj^], and He4 = — |lm[Lj^]. 
So H is uniquely determined. Check easily that {Hei, He2, He^, He^) is a conformal basis of 
M^, and write H = rK for some isometry K and some r G M^. By construction K commutes 
with Lj, so K belongs in ^. It cannot have any nontrivial component in Q2 otherwise ^ would 
not be a eigenvector of Lj (whose eigenspaces are not stable under Lj). Thus K belongs to Qq. 
Therefore there exists a unique H G M^ x Qq sending e to ^. 

Notice that the action of M^ x Qq coincides with the right action of H* on Ce © CLje as a 
subset of EI0C. ■ 



0^ 



Using the decomposition q 
— > 0^. Then denoting a^ := 



£1 



0? 



fli' ffi 02 ' ^6 define the projection mapping 



[a\k, we have 



a 



a_i + ao + oi + 02- (5) 

We now substitute (|) in (|). We use the relations [fl^jflf] C 0(5s+i)mod4 ^'^'^ [flii'SiJ = 
[5O)02] = [02,02] = 0. The projection of the resulting equation on each eigenspace gives us four 
relations 



da-i + [a_i A ao] + [ai A 02] 

daQ + 2[«o A ao] 

dai + [ao A ai] + [a_i A a2] 

da2 



0, 
0, 
0, 
0, 



(6) 



where [aa A a^] = Oa A a^ + a^ A a^. We further decompose each form a^ as a^ = a'^ + a'^' 



fc' 



with a'^ = ak{-§^)dz and a';! = ak{-^)dz. We remark that, because a derives from a LCLI, 
a_i + ai = (0, e^^^' K{z){edz + edz)) and hence, Lemma [l| implies that 



and similarly. 



Thus, 



a_i = {{),e^^'^' K{z)edz) = a'_;^ and a"_i = 0, 



ai = a'l and a'^^ = 0. 



(7) 



(8) 



a 



Oi2 + a_]^ + ao + a;^ + a2 • 



Now we exploit (^ and (P) in (|6|) and we obtain 



doi_^ + [a'^i A ao] + [a'/ A a^ = 0, 

dao + |[ao A ao] = 0, 

dd[ + [ao A a'/] + \d_^ A a^'] = 0, 

da2 = 0. 



A convenient way to rewrite this system is to introduce a complex parameter A G C* and to let 
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a\ := A a2 + A a_i + ag + Aai + A 02, 
and then 

dax + ax Aa\ = \^'^da'2 

+ A"^(da'_i + [a'_i Aao] + K' Aa2]) 

+ (dao + ^[ao Aao]) 

+ X{da'{ + [qo a a'{] + [a'_i A 03] ) 

+ A^da'a' 

= X~'^da'2 + A^da^'. 

We now are in position to prove the 

Theorem 2 Assume that Q is a simply connected domain o/C ~ M . Let a be in C°^{Q., T*M. ® 
0). Then 

• a is the Maurer-Cartan form of a LCLI if and only if da + a Aa = 0, a"_i = a'^ = and 
a'_^ / 0, a'{ / 0, 

• furthermore, it corresponds to some Hamiltonian stationary immersion if and only if the 
extended Maurer-Cartan form a\ = A~^a2 + X~'^a'_i + ao + Xa'l + X^a2 satisfies 

dax + ax/\ax = 0, VA G C''. (9) 

Proof. First, according to Definition ||, b), a will be the Maurer-Cartan form of a LCLI if and 
only ii da + a A a = and 

(a_i + ai)(^) = (0, e^^'^K{z)e) and (a_i + ai)(^) = (0, ef(^'>K{z)e). 



But, from Lemma |l], this is equivalent to 



(a_i + ai)(^) G 0^1 \ {0} and (a_i + ai)(^) e flf \ {0}, 

or a'^i = a'l = and a'_i ^ 0, q" / 0. 

Second, the previous computation shows that 

dax + axAax = -^-^(A^^ - A^)(Lj, 0)dz A dz, 
which vanishes if and only if the immersion is Hamiltonian stationary, according to Theorem |l[ ■ 

Notice that it suffices to check Relation (|9|) for A G 5^ C C*, or even for one value of A 
different from ±1 to ensure the Hamiltonian stationary condition. 

Corollary 1 Assume that Q, is simply connected. Let a be in C°°(r2,T*IR ® q), a Maurer- 
Cartan form of a Hamiltonian stationary LCLI and zq E il. Then for any X £ S^, there exists 
a unique LCLI Ux S C°°(0,^) such that 

dUx = Uxax and Ux{zo) = 1. (10) 
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Thus there is a S^ -family of Hamiltonian stationary Lagrangian conformal immersions X^ given 
byUx = {Fx,Xx). 

Proof. First the condition A G S"^ ensures that ax is g- valued (and not 0*^-valued). Then 
equation (|9|) is the necessary and sufficient condition for the existence of a unique solution to 

m- ■ 

Recovering Ux from ax can be done in two steps (this is due to the semiproduct structure of ^), 
namely: the rotation term can be obtained by solving {F^ dFx, 0) = [ax]2 + cto; recall however 
that Fx is defined only up to gauge transformation, which leaves [ax]2 invariant but changes all 
the other components. The immersion Xx is obtained by solving (0, F^ dXx) = X^^a'^i + X^a'(. 

The family of solutions {Xx)xes^ i^ quite similar to the conjugate family of minimal surfaces, 
also obtained by varying a parameter in S^. As in the classical minimal case, this family is in 
general not well-defined if the parameter domain is not simply connected; there may be period 
problem (in our setting: non trivial monodromy). Notice a big difference though: the group 
involved in the classical minimal surface theory is simply M^, which unlike Q is commutative. 

3 An associated linear problem 

In this section we show how a particular choice of gauge (or equivalently a particular moving 
frame) reduces the problem to solving successively three surprisingly simple linear PDEs, the 
two first involving the conformal structure, the third being simply the integration procedure 
from the connection 1-form to the immersion. We are then in the position to describe explicitely 
all weakly conformal Hamiltonian stationary Lagrangian tori. 

3.1 Using the spinor lift 

In this section we still assume that the immersion X is defined on some simply connected domain 
n. Hence there is no problem in considering a spinor lift U = (e^^''^, X), whose Maurer-Cartan 
form is 

a = U-'dU = (l^iL^,0) + (0,n)) dz + ((0,n) + ^|§(^i,0)) dz 

where u = ae + hLiZ for some smooth complex valued functions a, 6 (recall Lemma 1). Equa- 
tion (^) yields the condition 

A/3 = 0. (11) 

Using the fact that in our connexion form oq = 0, the only other condition in (|9|) is another 
linear PDE: 

0,Tj^ +[(0,n),--^(L„0)]=0; 



dz J ' ^ 2 dz 

written more simply: 

du 1 8(3 

9i = 2 97^^"- (^') 

Finally, once P and u are found, X is obtained by integrating 

dX = e^^'l'^{udz + udz). (13) 



Hamiltonian stationary Lagrangian surfages in C^ 13 



Notice that the set of sohitions of ( |12D is a real vector space; thus the set of solutions for X 
is the orbit under ^ of a vector space. Beware also that solving ( |T^ ) does not garantee that u 
(and hence the induced metric) will never vanish; so we may actually obtain weakly conformal 
solutions. Therefore the conclusion: 

Theorem 3 The Hamiltonian stationary conformal Lagrangian immersions from a simply con- 
nected domain Cl into E^ are given by solving successively three linear partial differential equa- 
tions (\1a), I \1^ ) and (f/^j. Then for given conformal structure and Lagrangian angle map (3, the 
set of weakly conformal solutions is the Q-orhit of a vector space. 

3.2 Hamiltonian stationary Lagrangian tori 

We specialize to the case of Hamiltonian stationary Lagrangian tori. Let us fix some notations: 
r is a lattice in C, with dual lattice F* = {7 G C,(7,r) C Z} (here (.,.) is the usual dot 
product in C ~ M'^); then any torus T is conformally equivalent to some C/F. We want to 
classify Hamiltonian stationary conformal Lagrangian maps X from T to R^, or equivalently 
their F-periodic lift to the universal cover, that we will also write abusively X : C ^ M^. This 
amounts to finding solutions of Equations (O) , (O) and ( [T3| ) which give F-periodic maps on C . 
First one should notice that the rotation part in the spinor lift U = (e^ *''^,X), is not F- 
periodic but only 2F-periodic a priori^; so is the translation part of the corresponding Maurer- 
Cartan form and in particular the complex vector u = e~^ '^^. So we will distinguish the 
"truly periodic" solutions, for which e^ ''^ is F-periodic, from the "anti-periodic" ones; still, 
given an anti-periodic solution, its fourfoldFI cover is truly periodic. This detail will become 
important when we restrict the solutions obtained on the universal cover C to the torus T. 



The solutions of equation (11) are particularly simple: since e*^ is periodic, i.e. f3{z -|- F) = 

(3{z) mod 27r, we have 

f3{z)=2^{l3o,z-ZQ) (14) 

for some zq G i7 and /3o £ F*. Up to a translation in z we may suppose that zq = 0. We see that 
gPi'i/2 ^g T-periodic if and only if /3o/2 belongs to F*; otherwise e^ ''^ is just anti-periodic (we 
will give examples of both cases). Now, setting u = ae + bLie, equation (^) is equivalent to 

da tt^ot , db vr^o- /,^^ 

A necessary condition for (a, 6) to be a solution of (^), is that a and b solve the eigenvalue 
problem: 

A'(/' + vr2|/3o|V = 0. (16) 

Since a is 2F-periodic, it has the Fourier expansion a = X]^gr*/2^7^^*'^ ' ^^^ a is a solution 
of (p^) if and only if all coefficient a^ vanish unless I7I = |/3o/2|. Notice that except for ib/3o/2, 
existence of such lattice points is far from obvious and depends strongly on the conformal 
structure together with the choice of the lattice point /?o. We remark now that if a is a solution 

* recall that the dual lattice to 2V is just \T* . 
^i.e. twofold in each lattice direction. 
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of (|lq) and if b is given by the first equation of (|15|) , then a and b are automatically solutions of 



1 "p*\ 



the second equation in (p^). We deduce the following (all sums being taken with 7 G 2^ 



aiz 



l7l = l/3o|/2 



^2iiT{'y,z) 



^(^) = 77i: E ^«- 



^2iTr(y,z) 



il3, 



A j; ^a^e--^-) 



l7l = l/3o|/2 



if3o 



l7l = l/3o|/2 



We conclude that, for /? given by (14), any solution to (12) has the form u = ^ 



|7| = |/3o|/2'"7' 

where each u^ = a-^e^^'^^'^'e + -p-a.^e~'^^'^^"''^' Lie. In other words, the set of solutions to (|l^) is 
a finite real vector space with basis vectors 

= e2-<^'^)6 + ^e-2-<^'^)L,e- and w, = ie^'^^^^'^e + '^e'^'^'^^^'^ Ue, 

for7G{7GlrV|7| = |/3o|/2}. 

The last step is finding X, by integrating ([l3|). Again, assuming that X{0) = 0, the set of 
solutions is a vector space, with the basis vectors 



A^{z) 



„T(/3o,«>i, 



{v-yiOdC + VjiOdS.) and Bj{z) 



,-(/3o,S>L,(^^(^)^^^^^(^)^^^^ 



and any solution has the form 

X = y, Re(o^)j4^ + Im(o^)i?^. 

l7l = l/3o|/2 

In the computation of Aj and B^, two cases occur: either 7 = ± g/Soi and then A^ and i?^ cannot 
be periodic, but only pseudo-periodic (and both periods cannot compensate). If 7 / ±|/3o, then 
A J and B^ have frequencies 7 ± i/Jg and more precisely: 



4g7r{/3o,z)Li 



Re 



TT 



and 



B^ 



^^iT{f3o,z)Li 



Tm 



vr 



g-2J7r(7,z) 

/5o'-472 



g-2i7r(7,z) 

^F47 



-/3o/2 
7 

V -iPo/2 J 

I "'^ \ 

-/?o/2 

7 

V -i/3o/2 / 



A necessary and sufficient condition for X = ^1 1 1^ 1 /g Re(a^)yl^ + Im(a^)i?^ to be F-periodic 
is obviously 7 — |/3o S T* (then 7 + i/3o, —7 + ^/Sq; —7 — ^/3o automatically belong to F*). So 
we define the set 



/3o 



^ g ^ + r* such that |7|2 



2 



2 /^ \ 2" 

and 7^ / / J^ 



Remark 3 In the truly periodic case, g/^o belongs to F*, thus F^ is just the intersection of the 
dual lattice with the circle through i/3o, minus ±i/?o. 
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Remark 4 As noted above, multiplication of the solution by a constant matrix in Q2 is equiv- 
alent to a translation in z-space; such a change of variable in turn amounts to multiplying each 
a^ by a constant (depending on 7). Furthermore, the group action of M*^ x Qq oTi X descends 
to a free action on the couples {a^,a-^) (transitive on each couple), so that all solutions are 
obtained once for each choice of the d^, up to the obvious /3(0) = assumption. 

We may now conclude by the following classification theorem: 

Theorem 4 The Hamiltonian stationary weakly conformal Lagrangian immersions from C/F 
into E'^ are characterized by their Lagrangian angle (3 in as much as f3o = —d/S/dz belongs to 
the dual lattice F*. The set of solutions for a chosen /Sg is the orbit under Q2 of the vector 
space generated by the A^, B^ and translations in 4-space, as 7 ranges over the (possibly empty) 
set F^ . Its dimension - if not empty - is 2Card(F^ ) + 5, or 2Card(F^ ) — 3 if one identifies 
solutions in the same Q-orbit. 

Remark 5 It also often happens that a solution constructed that way is actually a multiple 
cover of another solution with a potentially different conformal type; indeed the relevant dual 
lattice is obtained as the one generated by all 7 — \(3q, 7 + \i3q for 7 G F^ and d^ 7^ 0. As will 
be shown below, truly periodic examples are not always covers of antiperiodic ones, though that 
is that case for square tori: 



Proposition 1 Let T = C/T be a square torus; then a truly periodic solution X is always a 
twofold cover of some simpler solution. 

Proof. For simplicity assume F = F* is just Z © Z. By hypothesis /3o belongs to 2F* . We 
denote A*, dual to A, the lattice generated by the 7 — ^(3q and 7 + ^/3o for all relevant^ 7 G F^^ . 
We claim that A* is a subgroup of Ag = {(n, m) G F; n + m = mod 2} = (1 - i)Z © (1 + i)Z. 
Indeed let 7 = {p, q) and ^/3o = {po, qo) ~ both in F -, then p"^ + q'^ = p^ + qQ implies 

p-po = {p-po){p + po) = {q - qo){q + qo) = q-qo mod 2 

Now A* C A^ is equivalent to Aq = ^^Z © ^Z C A, so X is Ao-periodic, and C/F is a double 
cover of C/Aq. Notice that Aq is again square. ■ 

Remark 6 Examples with arbitrarily many frequencies can be constructed by taking for in- 
stance the square lattice Z © Z and /3o = 2(p + iq)^ where p, q are integers. Then the set F^ 
contains all the ib(p + iq)^~ {p — iq) for k ranging from 1 to n. 

3.3 Some toric examples 

A truly periodic example on a non rectangular torus. 

Set Lo = e*'^''^, and F* = Z © wZ. Let X be a solution with /3o = 2 G 2F* and non zero 
coefficients d^^, d^2. Let A be the lattice of periods of X, and A* its dual. Then A* contains 

®that is aj 7^ 0. 
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1 = (a; — |/3o) — {^"^ — |/3o) and uo = {uj + \I3q) — 1. So X is not a cover of some simpler example. 
Taking for instance d^j = d^2 = 1, we have X{z) = ^^(2:) + ^4^^2(2;): 



JlTtxLi 



X{z) 



vr 



V3 



/ cos(7r(x + y\/3)) \ 

- sin(7r(a; + y\/3 + \)) 

sin(7r(x + y\/3)) 

V cos(^(x + yA/3 + i)) / 



+ 



JIlTxLi 



TTy/2, 



I cos(7r(-x + y\/3)) \ 

sin(7r(— X + y\/3 — 1)) 

sin(7r(— X + y\/3)) 

\ -cos(7r(-x + y\/3- i)) / 



7r^/3 



/ cos(7ry-v/3) (cos(27rx) cos(7rx) + sin(27rx) sin(7rx + ^)) \ 
cos(7ry-v/3) (sin(27rx) cos(7rx) — cos(27rx) sin(7rx + |)) 
sin(7ry\/3) (cos(27rx) cos(7rx) + sin(27rx) sin(7rx + ^)) 

\ sin(7ry-v/3) (sin(27rx) cos(7rx) — cos(27rx) sin(7rx + ^)) / 




Figure 1: A rhombic torus 



The standard torus and its rectangular counterparts. 

The simplest - and until recently (cf [CU|) - only known tori were the product of circles S'^xS^ C 
C X C = M''; more precisely define on the rectangular torus T = C/ujiTj © iuj2'^ ((-^1,^2 € M) 



X{x + iy) 



/ wi sin(27rx/LJi) \ 
—uji cos(27rx/u;i) 

UJ2S\T\.{2-Ky/0J2) 

\ -uJ2Cos{2Try/ijj2) J 



When oji = U2 = 1, X{T) is the square torus. 

The Lagrangian angle of X is I3{z) = 2tt{x/uji + y/i02) so /?o = wj" + iw^ which belongs to 
f 'L®iui2 I' but not to ^F*, so we are in the antiperiodic case. Then F^ = {^/^Oi — |/^o} [| 



oj 



That torus corresponds exactly to a 



'^0/2 



-hi'i 



vr) . As noted in remark ^, other choices of 



those coefficients amount to multiplying X by an element in M^ x Qq. 

^except for some particular lattices: if 1 + ui/^I = ^ for some m £ Z then :iimui'i^^ also belongs to Tp 



Po- 
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Figure 2: The standard torus 



The examples of I. Castro and F. Urbano. 

In a recent article a new 3-paranieter family of Hamiltonian stationary Lagrangian surfaces 
was described, some of them giving rise to tori (when the periodicity conditions were satisfied). 
The construction was based on geometric properties of parallel lifts on the 3-sphere, instead 
of the more analytic methods used here. These examples also satisfied the rigidity property of 
being invariant under a one-parameter group of isometrics, which characterizes them among tori 
without parallel mean curvature vector of course (see the examples above) . Though we will not 
describe explicitely the examples (we refer the interested Reader to |CU|1 ), we indicate how they 
fit in our classification and how their properties are linked with a special lattice structure. From 
now on we will use their notations. 

Let Xgp be an immersion with real parameters a, P,9 G [0, vr/2) x (0, vr/2) x (— 7r/2, '/r/2) 

satisfying 9,\a\ < (3. The double periodicity condition amounts to ^% and ^^|^ being rational^, 



so we write ^^^ 

sm/3 

lattice is 



and 



cos/3 



qw 



cos/3, 



The lattice of periods F is ^^^^^ 
.sin/3 cos a .sin a 



'sin/3 



Z, and the dual 



rvr 



qiT sir pir 

Using the expression for the mean curvature vectoifl is (in conformal coordinates) 



H 



'2/ 



90 



L, 



dX^ 



,P 



dy 



dX2 



e,f3 



where 



2 \dx dx dy dy 
denotes here the Lagrangian angle, together with (j){z] 



2tt{(J)q,z) + constoniE3, we 



take for instance /? G (7r/4, 7r/2) such that tan/3 is rational and a = -k/2 — (3. 
^i.e. the half trace of the second fundamental form 
"a careful computation shows that the constant is vr. 
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deduce that (J)q = --^ = ^ has lattice coordinates (p, r) (in F*). The periodicity condition 
above translates as the geometric property that the circle of radius |(;/>o| = 1/vr possesses 8 lattice 
points (instead of the generic 4), namely: ±^, it^^^, it^, it^-^. It may be that a = 0, but 
the property still remains that there are 4 extra points more than usual. These are exactly the 
points that come into play. Denoting 7 = f;^ £ 2-'^*' 



(l>0 



{7,-7>7,-7> 



'-] 



2 2 

where the two last points are removed if (pQ is real (i.e. a = 0). It also comes naturally that 
the limit case a = (3 corresponds to the previous (and simpler) rectangular tori; if furthermore 
(5 = 7r/4 the lattice structure is exactly that of the (square) torus. 

The isometry described by I. Castro and F. Urbano is Xqp{z + it) = ^^-ip^^oiU-sinpR,) -^^^y 
This property implies that the only dual lattice elements in the Fourier exansion of n = 



,<j>L,/2 



dX, 



6,13 



dz 



are precisely 7,-7,7 and —7; moreover opposite elements vanish simultaneously 



and we have the conditions: 



'J(/3+a) 



a^ 



jw-'^y, 



Using this the coefficients can be computed in terms of the functions defined in [CU| 





-e-iP 




^^^ 

■■"■"^^^c! 


eiP 






/^ 










e-ia 

1 


^- 









( 


1 

-ei« 


^- 









1 

e-ia 




\ 












-eiP 




(^ 


e-iP 





Figure 3: A Castro and Urbano torus 



4 Introducing loop groups 
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4.1 Twisted loop groups 

We introduce loop groups, sets of maps A 



Gx from the circle 5^ = {A G C/|A| = 1} to 



some Lie groups (here various subgroups of ^ ), with a multiplication law given as follows: the 



product of two elements A 

kg-. 



G\ and A ^^ G'x is just \^^ G\G\. We denote 



{[A ^ Gx]\S^ ^ 9} and A^^ := {[A ^ Gx]- S^ ^ G^}. 
We endow these groups with the H^ topology for some s > 1/2: if G\ = '^Zke'L ^k^^ is the 

Fourier expansion of Gx, its i?* norm is | |Ga| |s = ( X^a:gz |G'fcP(l + k'^Y''^ J . Other topologies 
can be used (for instance the C°° topology), for more details, see pS| . We define the twisted 
loop groups 



KGr = {[A ^ Ga] G KQ/Gix = t{Gx)} and A^^ 
twisted meaning equivariant with respect to r. Also 



{[\^Gx](^kQ^/Gix = T{Gx)}, 



- {[^^^ Gx]^ KQ^ /Gx extends holomorphically 
to the complement of the unit disk and Goo = 1} 
A+^^ = {[A 1-^ Ga] G AGr /Gx extends holomorphically to the unit disk} 
A^^^ = {[A h^ Gx] G KQ^ /Gx extends holomorphically to the unit disk and Go G (S,0)} 

where B is some subgroup of ^q . In an analogous way define the corresponding Lie algebras 
Ag^, Ag!^, A"^!^, A+g!^ and Atg!^ where b is the Lie algebra of B. 



Ag^ 
Agr 

A.-g^ 

A+g^ 
A^0^ 



{[A^7A];5^-0^/7.A = r(7A)} 

{[A^7A]GAgC/7;,Gg,VAGSn 

{[A 1-^ 7a] G Ag^/7A extends holomorphically 

to the complement of the unit disk and 7oo = 0} 

{[A H^ 7a] G Ag r/7A extends holomorphically to the unit disk} 

{[A 1-^ 7a] G Ag^/7A extends holomorphically to the unit disk and 70 G (b,0)} 



An analysis of the relation 7ja = ''"(7a), for any 7a G Ag^, shows that, writing 7a = Ylikei. Ik^'^-, 
this twisting condition is equivalent to 7^ G gfci„od4- 

We remark in particular that Ag?r = A'g^rQA+g^, thus defining a projection [.] a-„c : Ag?r —>■ 
A^g!^. Using this language, we can state the 

Corollary 2 To each Q-valued 1-form a giving rise to a Hamiltonian stationary conformal 
Lagrangian immersion corresponds a Kq-,- -valued 1-form ax (extended 1-form) satisfying relation 
^ and such that 



and 



[<m 


A-flC \dzj \dzj 


and 




A^S? 


= 0, (17) 


-a)^»- 




(18) 


ersely. Mo 


reover there exists a unique map Ux ■ ^ 


-^ AC 


Ir such tho 


tdUx 


= Uxctx and 



Ux{zo) = 1. Ux is called an extended lift. 
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Proof. On one hand, Theorem 2 iniphes obviously that each g-valued 1-form a associated with 
a Hamiltonian stationary conformal Lagrangian immersion can be deformed into such a a\. On 
the other hand, any Ag,- valued 1-form ax satisfying ([l7|) and (|lq ) should satisfy 

ax = X~ a-2 + A^ a_i + do + A di + A 0.2, 

with di(^) = Q^2(^) = and di (^) 7^ 0, because of the reality condition dfc = d„fc contained 
in the definition of Aqt- If furthermore ax satisfies (0), then we conclude by using Theorem 2. 
The existence of Ux is just a reformulation of Corollary 1. ■ 

Remark 7 

a) If [/ is a LCLI and Ux is an extended LCLI such that Ui = U, then the gauge action of 
C^{0,,Go) on U extends in a natural way on Ux- Precisely ii K £ C^(0,^o) and if we denote 
{KU)x the extended LCLI constructed from U{K-'^,0), then {KU)x = Ux{K-'^,0). To prove 
it, since we know that {KU)x{zo) = Ux{K~^,0){zq) = 1, it suffices to check that both functions 
have the same Maurer-Cartan form, namely 

A-^a'a + X~^{K,0)aLi + {K,0)ao(K,Oy^ - {dK.K-^,0) + A(i^,0)ai + X^{K,0)a2. 

b) The extended LCLI of the fundamental lift has the Maurer-Cartan form 



q^dXx = V§^(^i' 0)^^ + A"^e^(0, e)dz + {M^^dMx,0) + Ae^(0, €)dz + y |^( 



which implies that Xx = {Mxe^^-^ ,Xx), where d/3x = ^~'^^dz + X^^dz. Denoting 7 the 
harmonic conjugate function of /?, i. e. such that 2(/5 + ^7) vanishes at zq and is holomorphic, 
(3^ = l(A-2 + X^)I3 + I (A-2 - A2)7. The extended LCLI's of the spinors lifts have the Maurer- 
Cartan form 

U^XdU±,x = —£{L^,0)dz±X-\0,e-^—)dz±X{0,e-^—)dz + -^{L„0)dz, 
and hence U±^x = (ie~2~^X;^). 

4.2 Group decompositions 

The main tool for Weierstrass representations, as those proven in |DPW|, are loop groups 



decompositions. They are infinite dimensional analogs of Iwasawa decompositions such as 
SU{n)^ = SL{n,C) = SU{n).B, where ^S is a solvable (Borel) subgroup of SL{n,C). For 
the convenience of the Reader, we first give here the proof of this splitting for the case n = 2 
(recall that in our language, SU{2) ~ ^o)- 

Proposition 2 Let Bq be the subgroup of matrices in Qq leaving M!j_e invariant, then Qq = 
Qo-Bq. More precisely the map 

GoxBo -^ g^ 

{K, B) I — > KB 

is a diffeomorphism. 
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Proof. We use essentially Lemma |l| and recall that M^ x Qq acts freely and transitively on 
Ce © CLje \ {0} which is the pointed i eigenspace of Lj. Since Gq commutes with Lj, so does 
Qq , hence Ge belongs to Ce © CL^e for any G (^ Qq . By Lemma |l|, there exist unique K ^ Qq 
and r E R^ such that Ge = rKe. Just set B = K~^G E Bq. Notice that we might as well use 
Bq to construct our Iwasawa decomposition. ■ 

Before stating the main results of this section, we shall establish a preliminary one. We set 

Ag^ = {[A ^ Gx] E Ag^/T(GA) = Ga,VA E S^}. 

Notice that, since VG E Q^ , t'^{G) = G, any Gx E A^*^ satisfies Gx = t^{Gx) = G-x- Also we 
denote 

^02,r = ^G2 nAg^={[X^ Kx] E Ag^/Kx = Y, ^2fcA2^ K4fc E CI, ^4^+2 G CLJ, 

kez 
and 

A^o^, = A^o^ n Ag^ = {[A ^ Fx] E A^o^/Fa = ^ ^4^^^- (19) 

fcez 

Lemma 2 For any A ^^ Gx E A^^, i/iere exists {Kx,Mx) E A^g' ^ ^^o"; unique up to sign, 
such that 

Gx = KxMx. 

Moreover 

(i) either Kx E A^^^ and Mx E A^^^, 

(11) or Kx = Likx and Mx = {\{\^ + A'^)! + ^(A^ - \-'^)Ri) Mx, with {Kx, Mx) G AGir x 

AC- 

In other words, setting ttx := Li (^(A^ + A"^)l + ^(A^ - X^'^)Ri) E AQr, 

A^ = AGl^.AG^^, u T^x.AGlr-^G^^r- 

Proof. Let A h^ Ga E AQ^ and consider a lift g : M — > G^ such that g{9) = G^^e, V0 E M. 
For any 9 gR, there exists A:((9) E ^2 and m(6') E Go such that 5(6*) = k{9)m{9), and A;(6') and 
m(0) are unique up to sign. Moreover we can choose k{9) and m{9) to be continuous functions 
of 9. Since G-x = Gx, we have k{9 + TT)m{9 + n) = k{9)m{9), and therefore k{9 + vr) = ±k{9) 
and m[9 + vr) = ^m{9). Hence k{9 + 27r) = /i;(0) and m{9 + 27r) = ?n,(0) and we may define 
{Kx, Mx) E AG2 X AGq by k{9) = K^^e and m{9) = M^,e. This proves the first assertion of the 
Lemma. 

Notice that t{Kx)t{Mx) = t{Gx) = Gix = KixMix, which implies that {Kix)'^T{Kx) = 
M,x{t{Mx))~^ eG^nG^= {±1}. Hence 

t{Kx) = sKix and t{Mx) = sMix, with s = ±1. (20) 
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Moreover because of the parity of G\, K_xM_\ = K\M\, which leads to the alternatives 

a) K_x = Kx and M_x = Mx, 

b) K^x = -Kx and M_a = -Mx- 

If h) occurs, Kx has the Fourier decomposition Kx = Ylkez K2k+i^'^'^^^ ■ Then equation (|20|) 
implies that T(i^2fc+i) = si{—l)^K2k+i, which is possible only if all the K2k+i^s vanish, because 
the eigenvalues of the action of r on CI + CLj are 1 and -1. We exclude that since Kx S Q2 ■ 
Hence only case a) may occur. 



To conclude we inspect the consequence of (20). If s = 1, case (i) of the Lemma occurs. If s = 
-1, we define Kx in AQ^ and Mx in A^^ by Kx = UKx and Mx = {\{X^ + \~^)t + ^M^ - X~^)Ri) Mx- 
Then we check that t{Kx) = Kix and t{Mx) = Mix which shows that we are in case (ii). ■ 



We recall results in |PS| |: let © be a compact Lie group and (5 its complexification, and 
assume that the Iwasawa decomposition © = ^.B(q holds, for some solvable subgroup S© of 
0^. Define as before the loop groups A6^, A(S, A+6^, A^^©"^ and K'^^'^. 

Theorem 5 [Pressley- Segal] 
a) The product mapping 

A0 X A+^ ©"^ — > A©"^ 

is a dijjeomorphism. 

h) There exists an open subset Cg of A^'^ , called the big cell, such that the product mapping 

A-©*^ X A+e*^ — > C© 
(7a '7;^) ^^ 7a -7;^ 

is a dijjeomorphism. 

We now use these results for proving the following decomposition theorems, adapted to our 
situation. 

Theorem 6 We have the decomposition AQ"^ = AQt-.A'^ Q^ , i. e. the map 



Ag, xA+g^ -^ Age 
{Fx,Bx) ^^ Fx.Bx 



is a diffeomorphism. 



Theorem 7 There exists an open subset C of AQ'^ , called the big cell, such thatC = A^ Q'^ .A'^Q'^ , 
i. e. the product mapping 

A-g^ X A+g^ -^ c 

(^A ' ^A ) ' ' '^A -^A 

is a diffeomorphism. 
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Proof of Theorem [g. 

Step 1 We prove the decomposition A^^ = A^^-Ag^^^. 

Let Gx G AGr- By Lemma |, 3{Kx,Mx) G A^^^ x AQ^.^ such that either (i) Gx = Kx-Mx, 
or (ii) Gx = T^x-Kx.Mx. 

We use Theorem | a) for © = SU{2) ~ ^o- Let Mx G A^^ such that Mx = Mx*- Then there 
exists a unique {4>XtPx) G A^q x A^ ^q' such that Mx = (px-Px- Setting (px = 4>X'^ G A^o,t (recall 
dlD) and /3a = /3a4 G A+ g^,, we obtain Mx = ^xPx- 

Similarly, we apply Theorem || a) for © = U{1) ~ Q2- since Kx G A^2 there exists a 
unique (V'AjTa) G A^2 x A^^^^ such that Kx = tpxlx (here we set B2 = {e'^^^^/t G M}.) 
Thus r(V'A)T"(7A) = t{Kx) = Kix = ^ixlix, which implies that r('0A)'0a^ = ^ilxhix ^ ^^2 n 
^62^2' = {!}• (Here we used the fact that B2 is stable under the action of r and therefore 
'^{^B2^2) C A^^^^.) Hence r(V'A) = V'ja and t{-^x) = lix, meaning that ^px G A^2,r and 
7a G Ag^^g'r- Lastly we remark that A^^^g'r ~ A+^2't ^'^'^ ^^us 70 = 1. 

Hence we conclude that 

Gx = FxBx, 
where in case (i), 

Fx = i^x<Px G KG2,r-AgQ,r C AQr, and Bx = 7a/3a G A+g2^,.A+ ^o.r C A+^Gr. 
And, in case (ii), 

^A = ttaV'a'Aa G AGr, and Bx = jxPx G A^^Gt- 
The diffeomorphism property of the decomposition is easy to check. 

Step 2 We prove the decomposition AGr = AGr-A'^^G^- Let (GA,rA) G AG^ . We want to 
prove that there exist unique {Fx^Xx) G AGt and {Bx,bx) G Ag ^^, such that 

(FA,XA)(i3A,6A) = {FxBx,Fxbx + Xx) = {Gx,Tx). (21) 

Since Gx G AG'^, the equation Ga = -Fa-^a has a unique solution {Fx,Bx) G A^,- n A_g Gr ^ 
according to Step 1. The other equation, Fxbx + Xx = Tx, is equivalent to 

i^A^'TA = 6a + F^^Xx. (22) 

Let us denote AC^ = {[A ^ Fa]; ^^ ^ C^/-LjVx = Vix}, AM^ = {[A ^ Fa]; S^ ^ R^/-LjVx = 
Vix} and A+C^ = {[■^ ^^ ^a] G AC:f/Vx extends holomorphically to the unit disk }. We have 
the following splitting 

AC^ = ARf © A+C^. 
We define P : AC^ — > AM^ to be the projection on the first factor. Explicitely, 

Vn.eZ / 7i<0 n>0 

Then the solution of (H) is given by Xx = FxP {F^^Tx) and 5a = ^^a^^Ta - P {F^^Tx) . ■ 
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Proof of Theorem [|. We use Theorem (|) b) with (5 = ^ ~ [7(2): let C = A-Q^.A+g^ and C = 
{{Gx,Tx) G Ag^/Gx G C}. The latter is clearly an open subset of Ag^ . For any {Gx,Tx) G C, 
we look for {G^^T^) G A^^^ ^^^ (G+, r+) G A+g^ such that (G^G+, G^T++T^-) = (Ga, T^). 
Let {G^,Gl) be the unique element in A'g'^ x A+O**^ such that Gx = G^GJ^. Since Gx G A^^, 
T(G^)r(G+) = t{Gx) = Gix = G-^G+^, which implies 

(Ga)-V(G^) = G+r(G+)-i G A-g^ n A+g^ = {1}. 

Hence {G^,G^) G A^t/^ x A+t/^. To conclude, we look at the equation 

G^r+ + T- =Tx^^ T+ + {G^r'T- = {G^r'Tx. (23) 

We let A~C^ = {[A ^—>- Vx] G AC^/Va extends holomorphically to the complement of the unit 
disk in CU{oo}} and use the linear splitting AC^ = A'C^eA+C^ Let Q" : AC^ — > A'C^ and 

Q^ : AC^ — > A+C^ be the projection maps on each factor, namely Q^ (Snez ^2n+iA^"'^^) = 

En<o^2n-iA2"-i and Q+ (Enez ^2„+iA2"+i) = En>o^2n+iA2"+i. Then the unique solution 
to (|^) is given by 

T^ = GIQ- {{G^r'Tx) and T+ = Q+ {{G^r'Tx) . 
Thus we obtained the right decomposition. ■ 

5 Weierstrass representations 

5.1 From Hamiltonian stationary surfaces to holomorphic potentials 



First we shall here sketch how to use ideas from [ DPW| ] in order to construct Weierstrass type 



data, starting from a Hamiltonian stationary Lagrangian conformal immersion. Then we will 
revisit the obtained results and see how it simplifies in our situation. 

Let U = (F, X) : 0, — > ^ be a Hamiltonian stationary LCLL Then it follows from Corollary 2, 
that U extends to a map Ux = {Fx,Xx) : ^ — > Ag^ satisfying ([T^), ( [l^ ) and Ui = U. 



5.1.1 A family of holomorphic potentials 

There exists a holomorphic map Hx '■ ^ — > Ag^ and a map Bx '■ ^ — > A^ g^ such that 

Ux{z) = Hx{z)Bx{z), VA G S\yz G ft. 

The construction if Hx{z) and Bx{z) is done as follows: one looks for a map Bx '■ ft — > A^ g"^ 
such that Hx{z) = Ux{z)Bx{z)^^ is holomorphic, i. e. 



d{UxB-') ( ( d\ ^-idBx\ 

which is equivalent to 



Bx\ 



— Bxi ao { —z] + Xai ( ttt I + A^a2 



dz \ \dz J \dz J \dz 
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The existence of a solution B\ to this equation is first obtained locahy (see [DPW| or [| 



then one can glue the local solutions into a global one |DPW]. Then we write 



H^^dHx = Bx {ax - B^'dBx) B^\ 

and using the fact that Bx takes its values in A^ Q"^ and that z i — > Hx{z) is holomorphic, we 
deduce that 

H-^dHx :=fix= Yl /^"^"' 

n>-2 

where each /i„ is a closed (l,0)-forni (i. e. holomorphic). As we shall see, in 4.2, we can 
reconstruct Ux from fix- J- Dorfmeister, F. Pedit and H.Y. Wu call the form fix a holomorphic 
potential. Notice that fix is far from being uniquely defined, so we associate to Ux a whole family 
of holomorphic potentials. 

5.1.2 A single meromorphic potential 

We can refine the above result as follows. First one can show that there exists a finite number 
of points ai,...,ak in Q such that Ux{z) belongs to the big cell C (see Theorem 0), for all 
z G fi \ {ai, ..., Ofc}. The proof of that is delicate and uses in particular the result of 5.1.1 . Thus 
applying Theorem |, we deduce that Vz G (7 \ {ai, ...,ak}, 3\(U^{z), U^iz)) £ A~^f x A+g^ 
such that 

Ux{z) = U^iz)U+iz), (24) 

and then 

f,x := (Ux)-' dU^ = [/+ {ax - {UtT'dU^) (f/+)-' . (25) 



We analyze equation (ESl): the right hand side tells us that fin = for n < — 2 and the left hand 
side that /i„ = for n > 0. Hence 

fix = X-^fi-2 + X'^fi-i- (26) 



Moreover, by writing the Fourier expansion of the right hand side of (25), one shows that 
fix (^) = 0. Hence z i — > Ux{^) is holomorphic on J7 \ {ai,...,afc}. The analysis in [DPW ] 
shows furthermore that z i — > U^{z) extends as a meromorphic map on fi: the potential fix is 
a uniquely defined meromorphic potential. 

5.1.3 Explicit description 

We shall now revisit the previous facts. Since the 1-form fix defined in (|25| ) has his coefficients 
in A~£|^, we may write it as 

fi^ = X-^{cLi,0)dz + A~^(0, ae + bLie)dz, (27) 



where a,b,c are meromorphic functions on fi. Moreover, it follows from (25) that 



{cU,0)dz = U+a'2{U+) ^ = U+{^^U,0){U+) ^ dz = {^^L^,0)dz, 
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where we used the fact that Uq G ^q'. Thus c = ^-^. Hence, letting U^ = {G^ , T^ ) and using 
dU^ = U^ nx, we obtain 

d{Gl,T^) = (x-^G^^^Lidz,X-'G^{ae + bLie)dz\ , 
from which we deduce 

-2 



G-{z) = e^^(^(^)+^TW)^^ 



where 7 : Q — > C is such that 7(^0) = and d{^{P + ^7)) = -^dz (|^), and also dT^ 

\-^e^^l^+'^^^^{ae + hLie)dz. Thus 



Now, letting V^ = (G^,T^),we can write ( p^ as 

We conclude that 

After this analysis, we are led to the following. 

Theorem 8 For any Hamiltonian stationary LCLI Ux = {Fx,Xx), there exist unique U^ = 
{F-,X-) e A-g^ and C/+ = {F+,X+) G A+G^ such that Ux = U^U^, defined explicitely by 

U- = L^{P+h)L^^^^{(i+iy)UQ-L-^{P+h)Uxx)) 

for 7 solution of ^{zo) = and d(^(/3 + ij)) = -^dz. Moreover, 

/"A = {Ux) dUx = i^-Li—dz,X~^{ae + bLie)dz\ 

for some holomorphic functions a, b. 

^^ recall that ^(/3 + 17) is the only holomorphic function vanishing at za with a real part equal to ^. 
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Proof. The uniqueness of the decomposition follows from Theorem |^ One checks easily that 
U\ = U^U^ and U^ G ^^0^- For the verification of U^ G A+C?"-, we assume first that U\ 

corresponds to the fundamental lift: then (see Remark 3) -Fa = Mxe 2 , which implies 

G+ = e-^^^'F, = Mxe^'^^^^P^^^ = Mxe4(/^-n)iv 

Therefore G~^ belongs to A"^^ . Thus obviously U^ G A"'"^ . If Ux corresponds to an arbitrary 
lift, then, according to Remark 3, there exists K G C°°(r2,^o)* such that Fx = Mxe 2 K , 

a2 

and thus G~^ = MxK~^e^^^~^'^'^' and we obtain the same conclusion. 

Lastly repeating the argument of Theorem ^, we can deduce that U^ G A^^^^ and U^ G 
A"*"^^. The computation of fix was done before. ■ 

The data a,b,c = ^-^ are called the Weierstrass data ofUx- 

5.2 From a Weierstrass data to a Hamiltonian stationary conformal immer- 
sion 

We shall now see that the construction of the previous section has a converse. As above, we first 



sketch how to adapt the strategy of [DPW| and then we explore in more details what it means 
in our context. 

Let fix = S„>_2 An-^" be a holomorphic potential; it is a 1-form on 0, with coefficients in 
Ag^ which is holomorphic, i. e. which satisfies fix (^) = and dfix = 0. Then, fix (^) = 
implies in particular that fix /\ fix = 0. Thus 

dfix + ^A A /XA = 0, 
and there exists a unique map Hx G AQ'^ such that Hx{zq) = and 

dHx = Hxfix- (28) 

For any z G il, we use Theorem^with Hx{z): there exists a unique {Ux{z), Vx{z)) G AQrXA~^ Q'^ 



such that Hx{z) = Ux{z)Vx{z). A straightforward computation using (|28D shows that 

U^HUx = Vx {fix - V^^dVx) V^\ (29) 



Let us denote ax '■= U^ ^dUx- Again the right hand side of (29) tells us that a a should be of 
the form 

ax= 22 ""-^'^' 

n>-2 

but the left hand side says that a„ = a_„ and thus 

ax = A~ q;_2 + ^~ ct-i + ao + -^c^i + A 02- 

Moreover, using V^^ = Vq'^ + XVf^ + ... = Fg"^ - XV^'^ViVf^^ + ..., it follows also from (|| 
that 

a-2 = Vb/i-2V'o"^ and q;_i = VbA-iV'o"^ + [Vi, fi'-2]Vi^^ 
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are (l,0)-forms. Hence, since ax satisfies condition (P) automatically, Corollary 2 implies that 
- provided that we can prove the condition a_i 7^ - C/a is an extended lift of a Hamiltonian 
stationary conformal immersion. Lastly, by the relation Ux = H\V^ , we see that /U^ is a holo- 
morphic potential for U\ in the sense of the above section. 

Let us now look at the particular case where ^x has the form 



P'X 



2 dz 



Li,X ^ {ae + bLic) \ dz , 



for some holomorphic P,a,b. We integrate the equation dHx = HxfJ-x- Denoting Hx = {hx,i]x) 
it gives 

{dhx,dr]x) = {—--^hxLidz,\^^hx{ae + hLie)dz\ . 
It has the following solution 



Hx{z) = {hx{z),rix{z)) = ( eV(/3W+^TW)-f'-, / e^^'^^'"'^+'^^''^'^^^\-\a{v)e + b{v)Lie)dv 



where 7 is the harmonic conjugate function of (3 vanishing at zq. We now look for Ux 
{Fx,Xx) G AGr and Vx = {Bx,bx) G A+ ^^ such that Hx = UxVx- We first use that /3a 
i(A~2 + A^)/3 + |(A"2 - A2)7 (see the proof of Theorem 6) and thus 

1 x^ 

meaning that we have Fx = e^^^ ' and -Ba = e''~^f^~'^'^' \ Now we need to solve 

r/A(z) = re^(^('')+^^(^»^a-i(a(7;)e + 6(T;)Lie-)d^ = Fx{z)bx{z) + Xx{z), 



or 



^~\l3x{z)U / eV(/5(«)+^7M)i»A-i(a(^;)e + 6(w)L,e)(iw = bx{z) + e'^^^'^^^^^Xxiz). 

J ZQ 

We deduce that 
Hence we proved 



2 x-2 



Theorem 9 For any holomorphic datas j3, a, b, the potential /xa = ( ~2~ af-^^' "^ ^{o-^ + bLie) ) dz 
leads to construct the map Ux ■ ^ — > AQr by 

Ux{z) = {Fx{z),Xx{z)) = 
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i/3.(.)L.^gi/3,(.)L.p^g-i/3.(.)L. re^iPM+i^i-))L.x-\a{v)e + b{v)Lie)dv 

where [5\ = 2(-^~^ + '^)l^ + §(-^^^ ~ '^^)7 o,f^d 7 is the harmonic conjugate map to [5 vanishing 
at zq (i.e. d{(5 + i'y) / dz = Q). And U\ is an extended lift of a Hamiltonian stationary conformal 
immersion if and only if X\ is an immersion. 

6 Tori and finite type solutions 

Going back to the torus, we will apply the concept of holoniorphic potential defined in the 
previous section to the study of Hamiltonian stationary Lagrangian tori (in conformal coordi- 
nates) . What makes the torus specific is that we can define - intrinsically - a notion of constant 
potential, i.e. /x = r]dz^ where dz is any globally defined holomorphic 1-forni and t? is a constant 
twisted loop of Lie-algebra elements. Indeed two globally defined holomorphic 1-forms on a 
torus T differ by a multiplicative constant. We may further restrict to those potentials having 
only a finite number of nonzero terms in their Fourier expansion (known as polynomial loops). 
While such conditions may seem (i) far-fetched and (ii) too restrictive, it turns out that 

• integrating potentials that are constant (in z) and polynomial (in A) is equivalent to 
integrating commuting fiows, which in our case leads to a much simpler integration process 
than the Adler-Kostant-Symes (AKS) scheme; the corresponding HLC immersions are 
called finite type solutions; 

• all immersed tori are finite type solutions. 

Notice also that in the toric case, the considerations below prove the existence of potential 
(without resorting to the preceding section). Such ideas originate in the theory of completely 
integrable systems, however we will not explain here the link between commuting fiows and 



finite type solutions, and refer the Reader to |BFPP] for a good description of both sides of the 



AKS scheme. Finally we will see how this new description relates to the one given in section y. 

6.1 Construction of finite type solutions 

Throughout the section, dz will denote some fixed global holomorphic 1-form on a torus T, or 
its universal cover C. Then for any d G N define 

d 
aV = {[A ^ Ca] g Aflr; ix = ^e'nA"} 

-d 

the space of real polynomial loops of degree d. 

Proposition 3 Let d G 4N -|- 2 and rjx G A'^g,- be a polynomial loop. Then the extended 1-form 
a\ obtained through the AKS scheme from the constant potential \ "^rjxdz on C (with starting 
point Zq) is exactly the projection T^K^-ri^'^'^ixdz) of the solution S,\ to the following differential 
equation: 

^x{zo) = Vx 

where vTAg^ denotes the projection on Ag,- in the direct sum Ag!^ = Ag,- © ^^Qr ■ Reciprocally, 
the solution exists and is complete. 
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Proof. First notice that X'^^'^rjx is a constant real polynomial loop with lowest Fourier coefficient 
X^^fj^d, thus also a holomorphic potential, that we integrate on C. Let Mx G AQ^ be such that 
Mx{zq) = 1 and i^x = M^ dMx = X'^~^r]xdz. Use the Iwasawa decomposition (Theorem ^) as 
in section 5 to write Mx = HxBx and by definition ax = H^ dHx- Set Ca(^) = H^ {z)r]xHx, 
which is well-defined on all C. By construction ^x is real (i.e. belongs to A^^) since rjx and 
Hx{z) are. Using the fact that ijx commutes with Mx we write 

rjx = MxVxM^^ = HxBxVxBx^H^^ 

so ^x = BxTjxB^ , which proves that ^x has no Fourier coefficient with exponent lower than —d 
(simply write the Fourier expansions). Being real, ^x is ^'^Qt valued. To prove that it solves the 
differential equation above, we write d^x = l^x^Hx ^-^a]; but 

H-'dHx = TTAg, {H^'dHx) = TTAs^ [BxfixB-^ - dBxB'^) 
= vTAg, (Bx{X''-^Vxdz)B^A = vTAg, (x'^-^^xdz 



Any Hamiltonian stationary conformal Lagrangian immersion so obtained, either by integrat- 
ing a constant polynomial loop as above, or by solving the differential equation (5o|), is called a 
finite type solution. Equation ( |30| ) can be written more explicitely, thus showing how to derive 
from ^x the extended 1-form ax- Indeed writing ^x = J2~d ^^^n, the projection 'n'Ag^{X'^~'^^xdz) 

is 

'n-AgA^'^'^^xdz) = X^'^i^ddz + X'^i^d+idz + vrg^ (l.^+gdz) + Xi-d+idz + X^i-ddz 

where TTg^ is the projection in the direct sum Qq = 0o © ^; define on gg the operator 



r : C, 



7I"go(C) -^QoiK) 



satisfying vrg,, (C^-^) = r{()dz + r[C,)dz. Then we rewrite equation (|30|) as 

^ = [Ca, X~^Ld + X-'Ld+i + r{Ld+2)] (31) 

plus the initial condition; the conjugate equation is implied by the reality of ^x- 

Since we aim at constructing solutions on a torus T, we ought to notice that our construction, 
while valid on C, does not necessarily give an immersion of the torus. To produce an actual torus 
we need to verify period conditions (a.k.a. monodromy conditions) obtained by integrating a^- 
Also recall that the regularity of the immersion is equivalent to S,-d+i being non zero, otherwise 
the solution is only weakly conformal. 

6.2 A finiteness result 

Theorem 10 Let T be a 2-torus; then any Hamiltonian stationary conformal Lagrangian im- 
mersion in M^ is of finite type. 
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This may seem surprising, especially if we think how restrictive the finite type condition is; 
however this result is almost classical in the theory of infinite dimensional integrable systems. 
As a consequence the space of solutions is a countable union of finite dimensional spaces. 



Proof. We will adapt here an idea found in [BFPP]. Let X be a Hamiltonian stationary 
conformal Lagrangian immersion, a an associated Maurer-Cartan form (for some LCLI) and a\ 
its extended 1-form. We first consider all quantities as being defined on the universal cover C 
of T. We also choose a global holomorphic 1-form dz on T (and C). A necessary and sufficient 
condition for X to be of finite type is the existence of ^a : C ^ A'^g,- such that both equations 
hold 

d^x = [^x,ax] (32) 

and 

d 



a ( ^ 1 = C-d + C-d+i + r{^-d+2) (33) 

Before we step into the proof, notice that finite type imposes a condition obviously not satisfied 
in generality: consider the first Fourier term (multiple of A^ ) in equation (p3), then 



d^-d = [C-d, (r-(C-d+2) - C-d+2)dz - ^-d+2dz] G [g2,go] = 

by the commutations properties of g; so ^-d is constant. Using condition (|33|), we see that 
(^_(i = ^-J^{Li,0), so that the Lagrangian angle is an affine function of x and y. On a torus 
this condition is trivially satisfied since gj is holomorphic hence constant. This constant cannot 
vanish, otherwise the immersed torus would be special-Lagrangian (or minimal); but there are 
no compact minimal tori. 

The proof is divided in two steps: we first prove the existence of a formal solution to ( |3^ ) 
and (13^), then extract a polynomial solution from these solutions, using the property that each 
Fourier coefficient of the formal solution satisfies an elliptic equation on the torus. By taking a 
proper combination we infer the existence of ^x. 

Step 1: existence of adapted formal Killing fields. A formal Killing field (x is a 
formal Laurent series in A verifying (|3^). Such a field is said adapted if its first three terms 
are respectively equal to a_2 {■§;), «-i (^) and r (ao (^))- Using the gauge action, we may 
suppose without loss of generality that ao = 0, so that a (^) = a_2 (^) + a_i (^) = {aLi,u) 
for some nonzero complex constant a, and u{z) G Ce © CLje. Let us look for (^x of the following 
form (typical of a gauge change used in ||FT|| ): (x = {^, wx)^^ {aLi, u){t,wx) where wx has non 
negative Fourier exponents (beware: {l,wx) is a matrix in Q'^ , not in g*^). The expression of Ca 
simplifies here to give Ca = {o-Li^u + aLiWx), and we solve the (1,0) part of equation 



((ill (illl \ \ 

0, — — h aLi—- — I = \(aLi, u + aLiWx), (A^ aLi, X~ u)] = (0, A^ aLiU — A^ aLjU + X~ a wx) 
dz dz J 

so, using a / 

Wx = X a Li—- h A a — — \- a LiU — Xa LiU 

oz oz 
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Writing the hypothesis wx = Yln>o ^"^"j ^^ obtain wx by simple recurrence (hence the formal 
series) : 

wq = a~^LiU 

wi = —a~^LiU 

W2 = a Li-- ha ^- = 

oz oz 

-W dWn-2 r ^ o 

Wn = a Li — tor n> Z 

oz 

So wx = a-'LiU - En>o^^''^Ha-'Lir^'^- Finally (x = (aL^, E.>o A'^+^a^Lf f^). We 
now check that the (0,1) equation holds. Using the same idea as in section |3|, da'_i + [a" A 02] + 
[a'_i A ckq] = 0, which in our notations yields ^ = aLiU. Then 

y n>0 J \ n>0 

Finally we verify that C,x is adapted: Co = {o-Li,0) = a'_2 {-§^), Ci = (0)^) = ct-i {-§;) and 
C2 = 0. It should be noted that for any n G Z, A"Ca is still an adapted formal Killing field. 

Step 2: elliptic equation and polynomial Killing fields. The possibility of reducing 
formal Killing fields to polynomial ones relies on the following property: all coefficients of the 
formal series Ca satisfy the elliptic equation 

#^ + I«P1 Cn = (34) 

oz oz ) 

Recall that u being doubly periodic (since originally defined on T), so are all these coefficients. 
The space of solutions to an elliptic equation on a compact Riemann surface is finite dimensional. 
Consider now the free sequence (C>r)m>o of truncated formal Killing fields: C™ = (A~^'"~^Ca)-, 
truncated meaning that we keep only negative powers of A. The image of the sequence by the 
operator d + ad^;^ is finite dimensional, indeed for any <\)x = X~'^"^~^Cx = Z]n>-4m-2 ^"'^n 

{d + ada^){(px)- = d{(j)x)- + [ax,{(t)\)-] = {d4>x)- - [(0a)-, "a] = [(px^ax]- - [(0a)-, "a] 

= [A"20-2 + A-^0_i + 00 + A01 + A^02, ax\- - [\~'^^-2 + A^^^^i + 0o, "a] 

All other terms either vanish in the truncature or compensate between the two brackets. Since 
each coefficient 0^ belongs to a finite dimensional space, we have our claim. So a finite combi- 
nation of the Ca^, call it 0, lies in the kernel oi d + ad^^, and is automatically adapted. Then 
Ca = 0A + 0A is adapted, satisfies equation (|3^) and is real; that is ^a belongs to some h.'^Qr- • 

Remark 8 The solutions of (^) we have constructed have the following property: ^a has no 
term of Fourier exponent equal to (mod 4), except the first and last ones; Cn = but for 

i-d = {aLi,0) and id = i-d- 
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Remark 9 So far we have used a fixed complex coordinate z on T (or C), but we might want 
to switch to another coordinate say w = fiz. A quick look at ( |30| ) shows that a solution in the 
z variable is usually not valid in the w variable (that can also be seen on (|3ll)). However the 
immersion stays of finite type whatever the coordinate may be; so an Hamiltonian stationary 
immersion can be of finite type d for some variable z and d! ^ d for another variable w. The type 
itself is not a well-defined invariant, and an example of this will be given in the next section. 

6.3 Finite type and lattice properties 

We will now use the information given by section y together with the finite type point of view. Let 
r be a lattice, with dual lattice F*, and set T = C/F. For any Hamiltonian stationary conformal 
Lagrangian immersion X there exists p G N and ^\ in K'^'^'^'^Qt solution of (|3^ ) projecting to the 
extended 1-form ax associated with X (more precisely with one of the spinor lifts of X). As 
mentioned in remark |8| above, we may assume that ^a has no term of Fourier exponent equal to 
mod 4. So we can write 

q=-p ^ 

with /3o G F* — 0, Uq{z) G gS^ and Vq{z) G gf. Equation ( [3l| ) can be rewritten using the Fourier 
expansion, 

-K— = [Cn+2,C-4p-2] + [Cn+l,^~4:p-l]- (35) 

Commutation properties [0o!fl2] = [02 i02] = [flfjS-i] = show that terms with even Fourier 
exponent - hence the Cg's - are constant (and given by the initial condition in (|30[)). We can 
then use (pSi) or its conjugate to derive a recurrence relation: 

2 , du„ 



-Li 



"q 



Uq+l = CqU-p H --Lj— — = CqU- 



"q 



7r/3o dz 

]^jdVq_ ( 2 \' d'^Uq 

-kPo dz ''""''-'' W^o) dz^ ■ 
Conjugating equation (^) (or recalling (34)) one easily derives the second order equation Aug-I- 
7r^|/3opMq = 0, so all terms have Fourier frequencies 7 G ^F* such that I7I = ^|/3o|- Thus we 
write Uq = '^^ici-^^q^ + b-y,qLie)e'^'''^^'^'^' and the recurrence relation yields 

'^7,9+1 — CqCL^—p i \ - I Q'7,(j' 

(same equation for h.y^q). Taking the first and last Q_i terms: 

Jo, 

with the convention that c_p_i = 1. Now we may compare both ends of the chain using the 

reality of .^a^ Vp = U-p-, while 

2 dup 

^p ~ — 5"-^*^ — 
7r/3o oz 
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which yields (recalhng from section |3| the expression for U-p): -ya-y^-p = —'ya^^p. So for each 
frequency 7 such that 07, -p 7^ 



2p /2"\^'' 



q=0 

We may rewrite this condition as a polynomial equation of degree exactly d = 4p + 2 in 7: 

4p+l 2p /r) \2q 



,..^,^m-t.-JW-^- 



2V2y .^--"-'va; 

We conclude with the following result: 

Theorem 11 A finite type solution with type d £ 4N + 2 and Lagrangian angle (3 = 27r(/3o, z) + 
constant has all its Fourier frequencies in T*a and satisfying a polynomial equation of degree d, 
depending only on (5q and the initial value in (^^ (i.e. the constant potential). As a consequence 
Card(r;j < d. 

Genus zero solutions. We conclude with the study of the simplest case of type d = 2, 
also called genus zero solutions. Then condition ( p6| ) implies that 7 = itilg/Sol- There are only 
two possibilities, and if the lattice is rectangular, we find - after a change of variable - the 
rectangular generalizations of the standard torus. It should be noted that the condition on 7 
implies that - in the original complex coordinate - the term ^~ -q^ depends only on y. This 

is clearly variable-dependant, and shows that the type d may well change if one changes the 
variable. 
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